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Abstract. In this paper we treat the intersection of fixed point subgroups by the 
involutive automorphisms of exceptional Lie group G = F4,, Eq,Ei. We shall find involutive 
automorphisms of G such that the connected component of the intersection of those fixed 
point subgroups coincides with the maximal torus of G. 

1. Introduction 

It is known that the involutive automorphisms of the compact Lie groups play 
an important role in the theory of symmetric space (c.f. Berger [1]). In [8], [9] Yokota 
showed that the exceptional symmetric spaces G/H are realized definitely by calculat- 
ing the fixed point subgroup of the involutive automorphisms 7, 7', cr, a' , I of G, where 
7, 7', (T, a' are induced by i?-linear transformations 7, 7', cr, a' of J and I is induced by 
C-linear transformation l of . Here 7, j' £ G2 CI F4 d Eq C E^, a, a' € F4 d Eq d 
El and l ^ Ej. For the cases of the graded Lie algebras g of the second kind and 
third kind, the corresponding subalgebras gp, g^^, g^^^ of g are realized as the inter- 
section of those fixed point subgroups of the commutative involutive automorphisms 
([3],[6],[7],[10],[11],[12]). 

In [2] , [4] , [5] we determined the intersection of those fixed point subgroups of the 
involutive automorphisms of G when G is a compact exceptional Lie group. We 
remark that those intersection subgroups are maximal rank of G. 

In general, let G be a connected compact Lie group and cti, (T2, • • • , commu- 
tative automorphism elements of G. Set G°''^''^^'"' = {a G G\aia = aai,i = 
1, • • • , fc}. We expect that the group G'^^''"^' " ''^'^ is a maximal rank subgroup of G. 
Consider the following degreasing sequence of subgroups of G: 

G"^ D G"^'"^ D ••• D G'"!^- 

Let r' be the maximal tours of G. In this paper we would like to find cri, CT2, • • • , Um 
such that the connected component subgroup (G°'^''^^' ' °"'')o of the group G'^^''^^''"'^'' 
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is isomorphic to T' when G is simply connected compact exceptional Lie groups 

6*2,-^4, Eq or E^. For the case G = G2, we prove that the group ((G2)''''''' )o — by 
[5], Theorem 1.1.3. Then we shall prove the following: 

(1) ((F4)T''^''^''^')o = T\ 

(2) {{Eey'^''^'''')o ^ T6, 

(3) ((£;7)T'T'''"''"''')o = T^. 

For the case G = E^- we conjecture that the group {{Es)^''^ ''^''^ '^^)o — T^, where 
A' e Es (As for ^3, see [3]). 

2. Group F4 

The simply connected compact Lie group F4 is given by the automorphism group 
of the exceptional Freudenthal algebra Z ■ 

F4 = {a e IsOr(3) I oi{X xY)= aX x aY}. 

We shall review the definitions of ii-linear transformations 7,7',c7, cr' of -3([8], 
[10], [12]). 

Firstly we define i2-linear transformations 7, 7' and 71 of 5c ® M{3, C) = 5 by 

7(X + M) = X + 7(mi,m2, ma) = X + (7ml, 7m2, 7*713), 
7'(X + M) = X + 7'(m,i,m,2,m3) = X + (7'mi,7'm2,7'm3), 
7i(X + M) = X + M, X + Meac©Af(3,C)=a, 
respectively, where = {X G -M(3, C) | X* = X}, the right-hand side transforma- 
tions 7, 7' : C"^ —7- are defined by 

7( («2 I ) = (-"2] , 7'( |^^2 j ) = I «2 I , ni eC. 

Then 7, 7', 71 e G2 C F4, and 7^ = 7'^ = 71^ = 1. 

Further we define i?- linear transfomations a and a' of Zc ® M{3,C) =5 by 
a{X + M) = aX + (rrii, —7712, —m^), 

cr'(X + M) = cr'X + (-mi, -m2,m.3), X + Af e ® M(3, C) = 3, 
respctively, where the right-hand side transformations a, a' : 3c ~^ 3c ^I'S defined by 

X3 6 ^1 1 = ^2 Xi \ , a'X = \ X3 ^2 -Xl 1 . 

X2 Xl ^3/ \-a;2 Xl ^3 / \-X2 -Xl ^3 / 

Then a, a' e F4 and cj^ = cj'^ = 1. 
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The group Z2 = {l,7i} acts on the group f/(l) x U{1) x SU{3) by 

Hence the group Z2 = {l,7i} acts naturally on the group (f/(l) x U{1) x SU{3))/Zs. 

Let {U{1) X U{1) X SU{3)) ■ Z2 be the semi-direct product of those groups under 
this action. 

1 a/3 

Hereafter, ui denotes ~2~^ ~2~^^ ^ 

Proposition 2.1. (Fi)'^'^'^' ^ ((C/(l) x ;7(1) x SU{3))/Z3) ■ Z2, Z3 = {{1,1, E), 
{uji,uJi,ujiE), {ui'^,uji^,uJi'^E)}. 

Proof. We define a mapping (^4 : {U{1) x C/(l) x S'C/(3)) • Z2 {F^y^-f' by 

^4((P, q. A), 1){X + M)= AX A* + Dip, q)MA*, 

ipi{{p, q, A), 7i)(X + M) = AX A* + D{p, q)MA*, 

X + Medc® M{3, C) = Z, 
where D{p,q) — Ai'Ag{p,q,pq) e SU{3). Then ip4 induces the required isomorphism 
(see [5] for details). □ 

Lemma 2.2. The m.appmg ipi : (t/(l) x U{1) x SU{3)) ■ Z2 (^4)^''^' satisfies 

a - ^4((1, 1), a' = ^4((1, 1,E_,,,), 1), 

where Ei.-i = diag(l, -1,-1), £^-1,1 = diag(-l, -1, 1) £ SU{3). 

We denote U{1) x ••• x [/(I), (1, • • • 1) and (wfe,---Wfe) («-times) by C/(l)^', (1)>^' 
and (wfe)^', respectively. 

Now, we determine the structures of the group (F4)''''''' ''^'"^ = ((F4)''''''' )^''^ . 
Theorem 2.3. iiF4)'< ''>''"'"') a = [/(l)""*. 

Proof. For a e {F^)^-'''-'^'''' C {F^Y'-^'''' , there exist p, g G U{1) and A e ^[/(S) 
such that a = ip4{{p,q,A), 1) or a = (p4{{p,q, A),ji) (Proposition 2.1). For the case 
of a = fiiip, q. A), 1), by combining the conditions of aaa = a and a'aa' = a with 
Lemma 2.2, we have 

(p4{{p,q,Ei^^iAEi,^i), 1) = (p4{{p,q,A), 1) 

^^'^ ^iiiP, q, E-i,iAE_i^i), 1) = ip4{{p, q, A), 1). 

Hence 

' p = UJiP 

q = LOiq (iii) < 

Ex_-i_AE-i__x = i^iA, 



(i) = A, (ii) < 



p = UJi^p 

q = wi^g 



_ Ei^_iAEi,_i = oJi^A 
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and 



(iv) E_i^iAE_i^i =A, (y) { q = LOiq (vi) < 

= i^iA, 




P = '^I'P 
q = uji^q 



We can eliminate the case (ii), (iii), (v) or (vi) because p ^ Q or q ^ Q. Hence we 
have e U{1) and A e S{U{1) x U{1) x C/(l)). Since the mapping [/(I) x [/(I) -s- 
S{U{1) X U{1) x C/(l)), 

^(01,02) = (ai, 02, aia2) 

is an isomorphism, the group satisfying with the conditions of case (i) and (iv) is 
(f/(l)^^)/Z3. For the case of a = ipi{{p,q,A),'yi), komipi{{p,q,A),')i) = ip4,{{p,q,A), 
1)71, (/J4((l, 1, £^1,-1), 1)71 = 7i¥'4((l, 1, ^1,-1), 1) and ^4((1, 1, i'-i.i), 1)71 =7i'/'4((l, 
1, i^-i^i), 1) , this case is in the same situation as above. Thus wc have {F^)'^''^ ''^■'^ = 
((C/(l)'x4)/Z3) -^2,^3 = {wir\ [wi") x4}. The group {U{lY'')/Z^ is natu- 

rally isomorphic to the torus U{1)^^, hence we obtain {Fi)'^''^ '"'"^ = (f/(l)^^) • Z2. 
Therefore we have the required isomorphism of the theorem. □ 

3. The group Eq 

The simply connected compact Lie group Eq is given by 

EQ = {a& Isoc(a'^) \aXxaY = TaT{X x Y), {aX, aV) = {X, ¥)}. 

i2-lincar transformations 7, 7', 71 , a and a' of Z = ® C) are naturally ex- 
tended to the C-Unear transformations of 7, 7', 71, cr and a' of 5*" = (3c)'^®-^(3, C)"^ . 
Then we have 7, 7', 71, cr, ct' e £^6- 

The group Z2 = {l,7i} acts on the group U{1) x C/(l) x ^^(a) x SU{2,) by 

7i(p,gr,A5) = {p,q,B,A). 

Hence the group Z2 = {l,7i} acts naturally on the group {U{1) x [/(I) x S'[/(3) x 
5f/(3))/Z3. 

Let (C/(l) X U{1) X 5?7(3) x 6'J7(3)) • Z2 be the semi-direct product of those groups 
under this action. 

Proposition 3.1. [Eq)^--^' = ((C/(l) x U{1) x SU{i) x S'J7(3))/Z3) • Z2,Z3 = 

{{l,l,E,E),{uJi,^i,ojiE,ojiE),{oji^,oji^,uj^^E,uji^E)}. 

Proof. We define a mapping (pg : (£^(1) x U{1) x ^[/(S) x SU {?,))■ Z2 [E^V'^' 

by 

^6((P, q, A, B), 1){X + M) = h{A, B)Xh{A, B)* + D{p, q)MTh{A, B)*, 
MiP, 9. A B),ji){X + M) = h{A, B)Xh{A, B)* + D{p, q)MTh{A, B)*, 

X + Me {Zaf ® M(3, C)^ = 3^. 
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Here D{p,q) = diag{p,q,pq) e SU{3) and h : M(3,C) x M(3,C) -s- M(6,C)<^ is 
defined by 

w . „x ^ + B A-B 

Then ipe induces the required isomorphism (see [5] for details). □ 

Lemma 3.2. The mapping ipe : {U{1) x U{1) x SU{3) x SU{3)) ■ Z2 (-Be)^''^' 
satisfies 

a = ifeiil, 1, Ei^_,), 1), a' = Mi^, 1, E_,^,, E_,^,), 1). 

The group Z2 = {l,7i} acts on the group ?7(1)^^ by 

71(^,9,01,02, as, 04) = {p,q,as,a4,ai,a2). 
Let (/7(1)^^') • Z2 be the semi-direct product of those groups under this action. 
Now, we determine the structures of the gruop (Eq)'^''^'''^'^' = {{Eq)'^''^')'^'''' . 
Theorem 3.3. ((i;6)'''^'''"''"')o = [/(l)^^. 

Proof. For a e {EeP^^'''^'''' C (Eq)^'^' , there exist p,q e C/(l) and A,B e 
SU{6) such that a = (p(j{{p,q.A,B),l) or a — (pQ{{p,q,A,B),ji) (Proposition 3.1). 
For the case of a = ipe{{p,q,A,B),l), by combining the conditions aaa = a and 
a'aa' = a with Lemma 3.2, we have 

MiP, Q, Ei,_iAEi^_i,Ei^_iBEi^_i), 1) = ifeUp, q, A, B), 1) 

and 

(feiip, q, £-1,1 A^_i,i, £;_i,iSi;_i,i), 1) = MiP, <1, A B), 1). 

Hence 

P = ujip { '^^^P 

q = 0Jiq I q = uJi^q 

iJi _iA£i _i = uJiA I £;i _i^£i _i = wi^A 

E\^—\BE\^—\ = uj\B, y E\ —\BE\ —\ = u)\ B 



j i;i,_iA£;i,_i = A 

(1) < (n) < 

I Ei-\BEi-i = B, 



and 



p = uip f p = OJi^p 



.1 E_i^iAE_i^i = A \ q = uJiq I q = uJi'^q 

I -E-i,iS£;_i,i = B, E_i,iAE_i^i = coiA ^^'M E_i^iAE_i^i = toi^A 

\ E—i iBE—i i = Wi-B, E—i iBE—i 1 = uii^B. 

We can ehminate the case (ii), (iii), (v) or (vi) because p 7^ or g 7^ 0. Thus we have 
p,qe U{1) and A, Be 5(C/(1)^3) gj^ce the mapping C/(l)><4 ^ 5(C/(1)^5)^ 

h{ai,a2,a3,a4,) = (01,02,03,04,01020304) 
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is an isomorphism, the group satisfying with the conditions of case (i) and (iv) is 

(C/(l)^6)/Z3. For the case of a = </?6(b, <?, A -B), 71), from ipe{{p, q, A, B),"/i) = 
¥'6((P, g, A -B), 1)71, ¥'6((1, 1,^^1,-1, £^1.-1), 1)71 = 7i¥'6((l,l,£^i -i),l) and 
<^6((1, 1, 1)71 = jnpe{{l, 1. £-1,1, 1), this case is in the same sit- 

uation as above. Thus we have (i;6)'>''^'''"'^'= (([/(l)^^)/^^).^^^, Z3 = {(1)><^ (wi)^^ 
{wi"^)^^}. The group {U{l)^^)/Z3 is naturally isomorphic to the torus U{1)^^, hence 
we obtain (Eq)^''^ = ([/(l)^^) • Z2. Therefore we have the required isomorphism 
of the theorem. □ 

4. Group 

Let 'P'^ = ^J*^ 83*^ ® Ce C. The simply connected compact Lie group E'^ is given 



Er = {ae Isoc(*P^) | a{P x Q)a-^ = aP x aQ, {aP, aQ) = {P, Q)}. 

Under the identification {^a)^ ® {M{3, C)^ ® M(3, C)^) with : {{X, Y, r?), 
(M, A^)) = {X + M,Y + N,^, T]), C-linear transformations of 7, 7', 71, and a' of 3*^ 
are extended to C-linear transformations of as 



7(X + Af, y + A. ry) = (A + 7Af, F + 7A, r/), 

7'(A + M,y + iV,^,/,) = {X + j'M,Y + yN,^,r,), 

jiiX + M,Y + N,^,rj) = (X + M,Y + N,^,r,), 

a{X + M,Y + N,^,'n) = {aX + aM,aY + aN,^,r]), 

^{X + M,Y + N,^,r]) = {c7'X + a'M,c7'Y + c7'N,^,r]), 



where 7M = diag(l, -1, -1)M,7'M = diag(-l, -1, 1)M, aM = Mdiag(l, -1, -1) 
and cr'M = Mdiag(-1, -1,1). 

Moreover we define a C-lincar transformation l of ^p*^ by 

i{{X +M,Y + N,^,T]) = {-iX - iM, iY + iN, -i^, irj). 

The group Z2 = {l,7i} acts the group U{1) x U{1) x SU{6) by 



Hence the group Z2 = {1, 71} acts naturally on the group {U{1) x U{1) x SU{'o))/ Z^. 

Let ([/ (1) X C/(l) X 5C/ (6)) • Z^ be the semi-direct product of those groups under 
this action. 



Proposition 4.1. {E-j)^'-^' ^ ((C/(l) x U'(l) x SU{Q))/Zz) ■ Z^, Z3 = {(1, 1,^;), 
{uji,u)i,ujiE), {uji'^,uji^,uJx^E)}. 



by 
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Proof. We define a mapping t^y : {U{1) x f/(l) x SU{6)) ■ {E-jfi^^' by 

<P7((P,?,A),1)P = /-i((D(p,g),A)(/P)), 

<P7((p,g,A),7i)P = f-\{D{p,q),A){f'y,P)), P e 

Here D{p,q) = dia.g{p, q,pq) G SU{3) and the mapping / is defined in [9], Section 
2.4. Tlien (pr induces tlie required isomorphism (see [5] for details). □ 

Lemma 4.2. The mapping ipj : (J7(l) X U{1) X SU{6)) ■ Z2 {Ej)^'^ satisfies 
a = ^7((1, 1, 1), (t' = <pr{{l, 1, 1), i = Mih 1, f'ej, 1) 

where = diag(l, -1, -1, 1, -1, -1), = diag(-l, -1, 1, -1, -1, 1), i^ei = 

diag(ei,ei,ei,-ei,-ei,-ei) e SU{6). 

The group = {1,71} acts on the group [/(l)^^ by 

7i(P: 9; aii ^2, 03, 04, 05) = (p, g, 04, 05, oi, a2, as) 
Let (?7(1)^^) • .Z2 be the semi-direct product of those groups under this action. 
Now, wc determine the structures of the group {£7)'^''' '"''^ ''■ = ((£'7)^'''' Y'" '\ 



Theorem 4.3. 



7,7 ,(T,(T ,t\ 



C/(l 



x7 



Proof. For a G (i;7)T.7',<^,'T',t c (^^7)'^'^', there exist p,qe U{1) and A G ^[/(e) 
such that a = (prdp, q, A), 1) or a = frdp, q, A), 71) (Proposition 4.1). For the case of 
a = (p7{{p, q, A), 1), by combining the conditions aaa = a, a'aa' = a and tat~^ = a 
with Lemma 4.2, we have 

(firiip, q, Fi,_iAPi,_i), 1) = <fir{{p, q, A), 1), ipr{{p, q, F_i,i>lF_i,i), 1) = ifrUp, q, A), 1) 

and 1 

ipr{{p,q,F,,AF,,-%l) = M{P,q,A)A)- 

Hence 

(i) Fi,_iAFi,_i = A (ii) 



P = ^iP 
q = uiq 



(iii) 



P = ^1 P 
2 



q = g 
Fi^_iAFi,_i=uJi^A, 



P = wip 

(iv) P_i,i^P_i,i =A, (v) <( q = ojiq (vi) 

^ F_i,i>lF_i,i = LOiA, 

and 

(vii) Fei^-Fei"^ = -4, (viii) ^ q = cuiq (ix) < 



p = uip 
q = LOi'^q 

P_i iAP_i 1 = wi^A. 
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We can eliminate the case (ii), (iii), (v), (vi), (viii) or (ix) because p ^ or q ^ 0. Thus 
we have p,qe U{1) and A e ^([/(l)^^). Since the mapping C/(l)><5 _^ 5(?7(1)^«^), 

/i(ai, 02,03, 04,05) = (oi, 02, 03, 04, 05, 01O2O3O4O5) 

is an isomorphism, the group satisfying with the conditions of case (i),(iv) and 
(vii) is {1/(1)'''^)/ Z 3. For the case of a = (f7{{p,q, A),ji), from (fY{{p,q,A),ji) = 
ipriip, q, A), 1)71, ifriil, 1, i^i,_i), 1)71 = 7i'P7((l, 1, i^i,-i), 1), Vriil, 1, i^-i,i)> l)7i = 
7i(/97((l, l,F_i,i),l) and </37((l, 1, FeJ, 1)71 = Ji(p7{{l, 1,F,,,),1), this case is in 
the same situation as above. Thus we have (E'y)^'^',^^,'^','. ^ {{U{1)^'')/ Z3) ■ Z2, 
Z3 = {(I)^^,(w;i)^^(u>i2)x7}. The group (;7(1)'''^)/Z3 is naturally isomorphic to 
the torus U{1)'''^, hence we obtain (Er)^'^' ^ (?7(1)'''^) • Z2. Therefore we have 
the required isomorphism of the theorem. □ 

3. The group -Eg 

In the C-vector space eg*^: 

e8<=' = 07*^ e q^*^ e q^"^ e c e c e c, 

if we define the Lie bracket [Ri , R2] by 

[(<?i,Pi,(5i,ri,Ui,wi), {^2,P2,Q2,r2,U2,V2)] = {^,P,Q,r,u,v), 

( $ = <?2] + Pi X Q2 - ^2 X Oi 

P = ^iP2 - ^2Pi + riP2 - raPi + U1Q2 - M2Q1 
Q = ^1*52 - ^2Qi - riQ2 + r2Qi + V1P2 - V2P1 

< r =-^{Pl,Q2} + ^{P2,Ql}+UiV2-U2Vi 

u = ^{-^1' -^2} + 2riU2 - 2r2'Ui 
V = -;^{Qi,(32} - 2riU2 + 2r2'yi, 

then, eg*^ becomes a simple C-Lie algebra of type E%. 

The group E^^ is defined to be the automorphism group of the Lie algebra eg^: 

iJgC = {a e Isoc(eg'^) I a[Rx,R2] = [aRx,aR2]}. 

We define C- linear transformations a,a',X of eg*^ respectively by 

a{$, P, Q, r, u, v) = {a$a, aP, aQ, r, u, v), 
a'{$, P, Q, r, u, v) = {a'$a', a'P, a'Q, r, u, v), 
\{$,P,Q,r,u,v) = {X$X-\XQ,-XP,-r,-v,-u), 
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where 

cr<?((^, A, B, v)(T = <P{(7(t>(j, (J A. (tB. v), 

a'<P{(p, A, B, v)(t' = <P((7'(p(7', <j'A, a'B, v), 

X^>i(p, A, B, i/)A-i = ^(-V, -B, -A, -v). 

{a,a',X of the left sides are the same ones used in [3].) Moreover, the complex 
conjugation in eg*^ is denoted by r: 

t(<?, P, Q, r, u, v) = {t^t, tP, tQ, rr, tu, tv), 

where T${(j), A, B, u)t = ^{rcpr, tA, tB, tu). 

Now, we define the Lie group as a compact form of the complex Lie group 

Es.^ by 

Eg, = {a & Eg'^' I rXa = aXr}. 

Then, Es is a simply connected compact simple Lie group of type E^. Note that 
a,a' , X G Es- The Lie algebra eg of the Lie group E^ is given by 

t8 = {R& ts^ I tXR = R] 

= {(^, P, -tXP, r, u, -Tu) e eg*^ I # G er, P e qj*^, reiR,ue C}. 

Now, we will investigate the Lie algebra (eg)'^''^ of the group 
{EsT'^' = {{EsTf = {EsT n {Esf. 
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